Diffusion and Butterfly Velocity at Finite Density by Kim, Keun-Young & Niu, Chao
Prepared for submission to JHEP
Diffusion and Butterfly Velocity at Finite Density
Keun-Young Kim and Chao Niu
School of Physics and Chemistry, Gwangju Institute of Science and Technology, Gwangju 61005,
Korea
E-mail: fortoe@gist.ac.kr, chaoniu09@gmail.com
Abstract: We study diffusion and butterfly velocity (vB) in two holographic models,
linear axion and axion-dilaton model, with a momentum relaxation parameter (β) at finite
density or chemical potential (µ). Axion-dilaton model is particularly interesting since it
shows linear-T -resistivity, which may have something to do with the universal bound of
diffusion. At finite density, there are two diffusion constants D± describing the coupled
diffusion of charge and energy. By computing D± exactly, we find that in the incoherent
regime (β/T  1, β/µ  1) D+ is identified with the charge diffusion constant (Dc)
and D− is identified with the energy diffusion constant (De). In the coherent regime,
at very small density, D± are ‘maximally’ mixed in the sense that D+(D−) is identified
with De(Dc), which is opposite to the case in the incoherent regime. In the incoherent
regime De ∼ C−~v2B/kBT where C− = 1/2 or 1 so it is universal independently of β
and µ. However, Dc ∼ C+~v2B/kBT where C+ = 1 or β2/16pi2T 2 so, in general, C+
may not saturate to the lower bound in the incoherent regime, which suggests that the
characteristic velocity for charge diffusion may not be the butterfly velocity. We find that
the finite density does not affect the diffusion property at zero density in the incoherent
regime.
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1 Introduction
Strongly correlated systems display exotic properties compared to weekly correlated ones.
More interestingly, some of exotic properties appear in various materials with a remarkable
degree of universality [1]. For example, in diverse strange metals (cuprates, pnictides,
heavy fermions etc.), resistivity (ρ) is linear in temperature (T )
ρ ∼ T , (1.1)
unlike ordinary metals where it is quadratic in temperature as explained by the Fermi
liquid theory. In many high temperature superconductors, an empirical universal property
so called Homes’ law have been observed [2, 3]. It is a universal relation between critical
temperature (Tc), DC conductivity near the critical temperature (σDC(Tc)), and superfluid
density at zero temperature ρs(T = 0):
ρs(T = 0) = CσDC(Tc)Tc , (1.2)
where C is a material independent universal number.
While such interesting phenomena in strongly correlated systems are not easy to an-
alyze theoretically, gauge/gravity duality or holographic methods [1, 4, 5] have been pro-
viding new and effective ways to study them. For linear-T -resistivity, there have been a
lot of works and we refer to [1]. For the Homes’ law see [6–9]. In this paper, we investigate
another universal property, universal bounds of charge and energy diffusion constants of
strongly correlated systems from perspective of holographic methods.
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It is interesting that these universal diffusion bounds may have something to do with
aforementioned linear-T -resistivity and the Homes’ law via a fundamental universal relax-
ation timescale (τP ) so called ‘Planckian’ time scale [3, 10]
τP ∼ ~
kBT
. (1.3)
A basic idea is as follows. Charge diffusion constant (Dc) is proposed to be related to a
relaxation time (τP ) [11]:
Dc & v2τP & v2
~
kBT
, (1.4)
with a characteristic velocity scale. Transport in incoherent metals, where momentum
is relaxed quickly, may be governed by diffusive physics of charge and energy rather than
momentum. To make a connection between transport and diffusion one can use the Einstein
relation σ = Dcχ, where χ is the charge susceptibility. The Einstein relation with (1.4)
yields
σ & χv2 ~
kBT
. (1.5)
If Dc saturates to the bound and χv
2 is temperature independent, σ ∼ 1/T hence linear-
T -resistivity is explained. Once linear-T -resistivity is satisfied, the Homes’ law is reduced
to ρs(T = 0) = C˜χv
2 where C˜ is a universal constant.1 Even though the universality of
diffusion bounds itself is important it becomes more appealing because of the relation to
other universalities such as linear-T -resistivity and the Homes’ law.
At finite density, there are two diffusion constants D± describing the coupled diffusion
of charge and energy so the Einstein relation need to be generalized [11] as follows2.
D+D− =
σ
χ
κ
cρ
, (1.6)
D+ +D− =
σ
χ
+
κ
cρ
+
T (ζσ − χα)2
cρχ2σ
, (1.7)
where σ, α, κ are the electric, thermoelectric and thermal conductivity respectively. χ is the
compressibility, cρ is the specific heat at fixed charge density and ζ is the thermoelectric
susceptibility. If the charge density is zero, since α = ζ = 0, D± are decoupled and D+
and D− can be identified with the charge diffusion constant (Dc)and the energy diffusion
constant (De) respectively.
In [11], it was proposed the diffusion constants are bounded as
D± & v2
~
kBT
, (1.8)
where v is an unknown characteristic velocity. It was conjectured by noticing that the
KSS(Kovtun, Son and Starinets) bound of shear viscosity per entropy ratio (η/s) at zero
1This is a version of the Tanner’s law [3] with the identification n(Tc) = χv
2, where n(Tc) is the charge
density at the critical temperature.
2The conductivities may be diagonalized as in [12].
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chemical potential in a relativistic system may be expressed as D & c2 ~kBT , where c is the
speed of light and D is the momentum diffusion constant. (1.8) suggests that diffusion
is governed by the Planckian time scale (1.3) independently of the charge density and
the mechanism of momentum relaxation. Recently, this time scale has been observed in
the scattering rates of materials showing a linear T resistivity [13] and in the thermal
diffusivity [14].
To investigate this conjectured bounds further, we first need to identify what the
characteristic velocity (v) is in (1.8). An interesting candidate is the butterfly velocity
(vB), the speed at which the chaos spatially propagates through the system [15]. It implies
that there is some connection between transport properties at strong coupling and quantum
chaos3. This idea was first tested at zero density in a class of holographic model with an
scaling infrared geometry in [15, 19], where concrete examples supporting the bound (1.8)
with the butterfly velocity were provided. More evidence for the energy diffusion bound
(De/v
2
B) was shown in holographic models that flow to AdS2×Rd fixed points in the infrared
in [20] and in the Sachdev-Ye-Kitaev (SYK) models [21–23]4. However, it was shown that
charge diffusion (Dc/v
2
B) may not have a universal lower bound in striped holographic
matter [24] and in the SYK model [22]. When the higher derivative correction is added the
energy diffusion (De/v
2
B) still can have a lower bound while the charge diffusion (Dc/v
2
B)
may vanish depending on the higher derivative couplings [25]. However, recently, it was
shown that the energy diffusion (De/v
2
B) also may not have a universal lower bound in an
inhomogeneous SYK model [26].
In this paper, our goal is to study the bounds (1.8) at finite density. Most studies so
far have focused on the case i) at zero density or ii) Dc and De at finite density instead
of D± by ignoring the mixing term, the third term in (1.7), and/or by taking small tem-
perature limit. Unlike the previous studies, we first study D± at finite density without
any approximation and deduce the property of Dc and De in the incoherent regime. We
consider two holographic models: the linear axion model [27] and one of the axion-dilaton
models [28, 29] based on the Gubser-Rocha model [30]. We choose these models because
both allow the analytic solutions and they are related in the sense that at zero density
the axion-dilaton model undergoes the phase transition to the linear axion model if the
momentum relaxation is weak. The axion-dilaton model is particularly interesting because
this model exhibits linear-T -resistivity: it will be interesting to see if there is any relation
between the universal bound of the charge diffusion and linear-T -resistivity such as (1.5).
This paper is organized as follows. In section 2, we summarize the methods and
formulas we will use to compute the diffusion constants and the butterfly velocity. In
section 3, we study the linear axion model at finite density, focusing on i) the relation
between D± and Dc(De) and ii) the effect of finite density to diffusion and the butterfly
velocity. In section 4, we first analyze the phase structure of a axion-dilaton theory based
on the Gubser-Rocha model. We find that there are two branches of classical solutions.
3While this connection between transport properties and chaos was first proposed in the holographic
models, it has been also observed in condensed matter systems [14, 16–18].
4In [23], it was also shown that the diffusion constant may vanish across the phase transition, implying
a dynamical transition to an many-body localization phase.
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After figuring out the ground state, we study the diffusion constants and butterfly velocity
both at zero and finite density. In section 5, we conclude.
2 Methods
In this section, we briefly summarize the method and formulas we will use in our compu-
tation in section 3 and 4. Our goal is to study the universal lower bound (1.8), which can
be written as
D± =
C±
2pi
v2B
1
T
, (2.1)
where C± is expected to be universal and 2pi is introduced for later convenience. From
here, we set ~ = kB = 1. In other words, our main objects are
C± =
2piTD±
v2B
, 2piTD± or v2B , (2.2)
which will be computed and displayed in section 3 and 4.
In this paper, we are mainly interested in the incoherent regime, β/T  1 and β/µ 1,
where β is the strength of momentum relaxation, T is temperature and µ is chemical
potential, because in this regime momentum is relaxed quickly and we expect the transport
is governed by diffusion of charge and energy [11].
2.1 Diffusion constants
From (1.6) and (1.7) two diffusion constants are computed as
D± =
c2 ±
√
c22 − 4c1
2
, (2.3)
where
c1 ≡ σ
χ
κ
cρ
, c2 ≡ σ
χ
+
κ
cρ
+M , M ≡ T (ζσ − χα)
2
cρχ2σ
. (2.4)
Six variables defining c1 and c2 belong to two classes: thermodynamic susceptibilities
(χ, ζ, cρ) and conductivities (σ, κ, α).
First, thermodynamic susceptibilities are defined as
χ ≡ −∂
2G
∂µ2
=
(
∂ρ
∂µ
)
T
,
ζ ≡ − ∂
2G
∂T ∂µ
=
(
∂ρ
∂T
)
µ
=
(
∂s
∂µ
)
T
,
cρ ≡ cµ − ζ
2T
χ
, cµ ≡ −T ∂
2G
∂T 2
= T
(
∂s
∂T
)
,
(2.5)
with the thermodynamic potential density at fixed chemical potential and temperature:
G = − sT − µρ. (2.6)
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Once the thermodynamic potential is computed by the gravity on-shell action according
to the AdS/CFT duality, the susceptibilities are computed by (2.5) following standard
thermodynamics.
Next, the DC conductivities of a class of holographic models with momentum relaxation
may be expressed in terms of black hole horizon data [31]. For the action
S =
∫
d4x
√−g
[
R− Z(φ)
4
F 2 − 1
2
(∂φ)2 − V (φ)− 1
2
2∑
I=1
(ΦI(φ)∂ψI)
2
]
, (2.7)
with the ansatz
ds2 = −Udt2 + dr
2
U
+ V1dx
2 + V2dy
2 ,
A = adt , ψI = βIδIix
i ,
(2.8)
the DC electric (σ), thermal (κ) , and thermoelectric (α) conductivities along the x-
direction can be computed at the black hole horizon (rh) as follows
5.
σ =
[
Z(φ)s
4piV1
+
4piρ2
β21Φ1(φ)s
]
r=rh
,
κ =
[
4pisT
β21Φ1(φ)
]
r=rh
,
α =
[
4piρ
β21Φ1(φ)
]
r=rh
,
(2.9)
The thermal conductivity with open circuit boundary conditions, which is the usual thermal
conductivity, is
κ = κ− α
2T
σ
. (2.10)
2.2 Butterfly velocity
In this section we briefly review on the butterfly velocity in strongly correlated systems
and its holographic dual. For more details, we refer to [15, 19, 37–43].
The butterfly effect as chaotic behaviour refers to the exponential growth of a small
perturbation to a quantum system. It can be diagnosed by certain out-of-time-order (four-
point) correlation function (OTOC) of two generic Hermitian operatorsW (t, ~x) and V (0, 0),
or the following average of the commutator squared:
C(t, ~x) ≡ −〈[W (t, ~x), V (0, 0)]2〉β , (2.11)
where β = 1/T (the inverse temperature) and 〈· · · 〉β denotes thermal average. The function
C(t, ~x) quantifies the effect of a perturbation V (0, 0) on W (t, ~x) and characterizes the
5These DC formulas have been confirmed by computing the optical conductivities and taking the zero
frequency limit [32–34]. See also [35, 36] which were the first papers developing the techniques to calculate
the electric conductivity in terms of the black hole horizon data in massive gravity.
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strength of the butterfly effect at ~x at time t induced by a perturbation at t = ~x = 0. In
general, C(t, ~x) takes the following form
C(t, ~x) = e
λL(t−t∗− |~x|vB ) + · · · . (2.12)
Here, λL is called a “Lyapunov” exponent following the classical chaos terminology. It
measures the rate at which the system becomes scrambled and lose memory of its initial
state. t∗ is the scrambling time at which C(t, 0) becomes order one. For ~x 6= 0 there is a
spatial delay in scrambling characterized by vB, so called the “butterfly velocity”. C(t, ~x)
grows to be order one at t = t∗ +
|~x|
vB
, which defines an effective light cone for chaos, a
“butterfly effect cone”. Outside of the cone C(t, ~x)  1, even if the operators V and W
are time-like separated with respect to the causal light cone t = ~x. Inside the cone, C(t, ~x)
grows quickly. Therefore, the butterfly velocity vB characterizes the speed at which the
chaos spatially propagates through the system.
It has been shown that the Lyapunov exponent is bounded by the temperature
λL ≤ 2pikBT/~ = 2pi/τP , (2.13)
and saturates to the bound 2pi/τP for thermal systems that have a dual holographic black
hole description of which near horizon geometry is described by Einstein gravity. Notice
that the Planckian time scale appears as a time scale of the growth of chaos in time.
Therefore, it is quite appealing to use the butterfly velocity as a characteristic velocity in
(1.8). With this identification, the bound of diffusion constant can be written only in terms
of the characteristic parameters in quantum chaos
D± & v2BτP & 2piv2B/λL . (2.14)
Like the Lyapunov exponent, the butterfly velocity also can be computed holographi-
cally by considering shockwave geometries. For systems that have dual holographic model
with an infrared geometry
ds2d+2 = −U(r)dt2 +
dr2
U(r)
+ V (r)d~x2d . (2.15)
The Lyapunov exponent and the butterfly velocity are given by [15, 19]
λL =
2pi
τP
, v2B =
2piT
V ′(rh)
, (2.16)
where rh is the location of horizon. While the Lyapunov exponent is universal, saturating
the bound (2.13), the butterfly velocity is not.
– 6 –
3 Linear axion model
We first consider a simple holographic model of momentum relaxation, the four dimensional
linear scalar model [27]. This is the Einstein-Maxwell action coupled to massless scalars:
S =
∫
d4x
√−g
R+ 6
L2
− 1
4
F 2 − 1
2
∑
I=1,2
(∂ψI)
2
 , (3.1)
where we have chosen a unit such that the gravitational constant 16piG is equal to 1.
The second term is nothing but −2Λ with the negative cosmological constant, Λ = − 3
L2
.
F = dA is the field strength for a U(1) gauge field A. Because we want to consider
a system at finite density we assume A = At(r)dt as a background solution. In the
last term, two massless scalar fields of the form ψI = βIix
i = βδIix
i are introduced to
break the translational symmetry in an isotropic way in the x-y space, where a constant
β is interpreted as the strength of momentum relaxation. This term induces momentum
relaxation effect so makes conductivity finite [27]. An advantage of this ansatz for massless
scalars is that we can still have a homogeneous metric background solution, even though
the translational symmetry is broken. Under these assumption for A and ψI , a classical
solution of the action (3.1) is
ds2 = −f(r)dt2 + dr
2
f(r)
+
r2
L2
(dx2 + dy2) ,
f(r) =
r2
L2
(
1 +
L2µ2r2h
4r4
− L
4β2
2r2
− r
3
h
r3
(
1 +
L2µ2
4r2h
− L
4β2
2r2h
))
,
A = µ
(
1− rh
r
)
dt , ψI = βδIix
i ,
(3.2)
where f(r) is the emblackening factor and rh denotes the black hole horizon. From here
we set L = 1.
From the solution (3.2), the thermodynamic quantities read as follows. µ is interpreted
as the chemical potential of the boundary field theory, µ = limr→∞At. The temperature
is
T =
f ′(rh)
4pi
=
1
4pi
(
3rh − µ
2 + 2β2
4rh
)
, (3.3)
so rh is expressed in terms of T, µ and β:
rh =
1
6
(
4piT +
√
6β2 + 16pi2T 2 + 3µ2
)
. (3.4)
The entropy density is
s = 4pir2h =
pi
9
(
4piT +
√
6β2 + 16pi2T 2 + 3µ2
)2
, (3.5)
by the Bekenstein-Hawking formula and the expectation value of the charge density reads
ρ = µrh =
µ
6
(
4piT +
√
6β2 + 16pi2T 2 + 3µ2
)
. (3.6)
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The butterfly velocity (2.16) is
v2B =
piT
rh
=
6piT
4piT +
√
6β2 + 16pi2T 2 + 3µ2
, (3.7)
from the metric (3.2) and (3.4).
The thermodynamic susceptibilities (2.5) are computed by using (3.5) and (3.6) as
follows. The compressibility and the thermoelectric susceptibility are
χ =
(
∂ρ
∂µ
)
T
=
1
6
(
4piT +
6β2 + 16pi2T 2 + 6µ2√
6β2 + 16pi2T 2 + 3µ2
)
,
ζ =
(
∂ρ
∂T
)
µ
=
(
∂s
∂µ
)
T
=
2piµ
3
(
1 +
4piT√
6β2 + 16pi2T 2 + 3µ2
)
.
(3.8)
The specific heat at fixed chemical potential or fixed charge density are
cµ = T
(
∂s
∂T
)
=
8pi2T
(
4piT +
√
6β2 + 16pi2T 2 + 3µ2
)2
9
√
6β2 + 16pi2T 2 + 3µ2
,
cρ = cµ − ζ
2T
χ
=
8pi2T
(
4piT +
√
6β2 + 16pi2T 2 + 3µ2
)3
9(6β2 + 6µ2 + 4piT (4piT +
√
6β2 + 16pi2T 2 + 3µ2))
.
(3.9)
To compute the conductivity we use the general formula (2.9). In our model (3.1)
φ = 0, ΦI = 1, Z = 1, V = −6, βI = β , (3.10)
so the electrical, thermal, thermoelectric conductivities are
σ = 1 +
µ2
β2
,
κ =
4pisT
β2
=
4pi2T
9β2
(
4piT +
√
6β2 + 16pi2T 2 + 3µ2
)2
,
α =
4piρ
β2
=
2piµ
3β2
(
4piT +
√
6β2 + 16pi2T 2 + 3µ2
)
,
(3.11)
and
κ = κ− α
2T
σ
=
4pi2T
9(β2 + µ2)
(
4piT +
√
6β2 + 16pi2T 2 + 3µ2
)2
. (3.12)
Now we are ready to compute diffusion constants D±, (2.3) and (2.4), which we rewrite
here for convenience,
D± =
c2 ±
√
c22 − 4c1
2
, (3.13)
where
c1 =
σ
χ
κ
cρ
, c2 =
σ
χ
+
κ
cρ
+M , M =
T (ζσ − χα)2
cρχ2σ
. (3.14)
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(a) Diffusion constants (2piTD±) and the butterfly velocity (v2B)
0 1 2 3 4 5
β
4π T
1
2
3
4
2πTD±
vB
2
0 1 2 3 4 5
β
4π T
1
2
3
4
2πTD±
vB
2
0 1 2 3 4 5
β
4π T
1
2
3
4
2πTD±
vB
2
(b) Diffusion constants/(butterfly velocity)2 (C± = 2piTD±/v2B)
Figure 1. Diffusion constants of the linear axion model at finite density. µ/T = 0.1, 1, 5 from
left to right. The blue curve is for D+ and the red curve is for D−. The green curve displays v2B .
2piD±/v2B saturates the universal value in the incoherent regime: β/T  1 and β/µ 1.
The analytic formulas of D± can be obtained by plugging (3.8), (3.9), (3.11), and (3.12)
into (3.14). Because the final expressions are complicated and not very illuminating we
show their plots in Fig. 1(a). The blue curve displays 2piTD+ and the red curve displays
2piD−. The green curve means v2B (3.7). As β/T increases both 2piTD± and v
2
B go to zero,
but all of them behave as 1/(β/T ). Thus, 2piTD±/v2B saturate the finite lower bound as
shown in Fig. 1(b).
These bounds in the incoherent regime (β/T  1 and β/µ 1) can be read also from
the analytic expression of D± and v2B at large β:
D+ =
√
6
β
− 4piT
β2
+
3
√
6µ2 + 16pi2
√
6T 2
12β3
· · · , (3.15)
D− =
√
3
2
β
+
16
√
6pi2T 2 − 3√6µ2
24β3
· · · , (3.16)
v2B =
√
6pi
T
β
− 4pi
2T 2
β2
+
16
√
6pi3T 3 − 3√6piµ2T
12β3
, (3.17)
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(a) Diffusion constants: 2piTDc and 2piTDe
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B
Figure 2. Diffusion constants of the linear axion model with/without a mixing term. µ/T = 0.1, 1, 5
from left to right. The blue curve is for Dc and the red curve is for De. The triangles display the
results without the mixing term M in (3.14). For comparison, we also display the results with the
mixing term, the solid curves in Fig. 1.
which yield
C+ =
2piTD+
v2B
= 2 +
µ2
β2
+
2pi
√
2
3µ
2T
β3
+ · · · , (3.18)
C− =
2piTD−
v2B
= 1 +
2pi
√
2
3T
β
+
8pi2T 2
3β2
+
16
√
6pi3T 3 − 9√6piµ2T
18β3
+ · · · . (3.19)
We find that C± saturate the bounds C+ = 2 and C− = 1 in the incoherent regime.
Indeed, in this regime, D+ and D− can be identified with Dc and De respectively because
the mixing term M in (3.14) vanishes as explained in the following paragraph. Thus the
bounds C+ = 2 and C− = 1 at zero density [19] still hold at finite density in the incoherent
regime.
To see the effect of the mixing term M in (3.14), we may drop it in (3.14) and simply
identify Dc ≡ σ/χ and Dc ≡ κ/cρ. These are shown as the triangles in Fig. 2, where the
solid curves in Fig. 1 are displayed together for comparison. For β/4piT . 1 the mixing
term is important and for β/4piT & 1 it is negligible. For small µ/T = 0.1, this mixing
effect is ‘maximal’ in the sense D− is identified with Dc and D+ is identified with De,
which is opposite to the case in the incoherent regime. However, even for small β/T , the
effect of the mixing term decreases as µ/T increases. The effect of µ/T also can be checked
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by large µ/T expansion of TM:
TM =
4pi2T 3√
3µβ2
+ · · · , (3.20)
which implies that the mixing term may be small if µ/T is large even for small β/T . In
conclusion, in the incoherent regime, the mixing term, M in (3.14), between the charge
and energy diffusions are negligible so D+ and D− may be identified with Dc and De
respectively. (Because µ/T 6 5 in Fig. 2, β/4piT ∼ 5 is the incoherent regime.)
For C± to be universal it is important to consider the incoherent regime (β/T  1 and
β/µ  1). To see it more clearly let us consider a different case µ/T  1 and µ/β  1,
which yield the following expansions:
D+ =
√
3µ
β2
− 2piT
β2
, · · · , D− =
√
3
µ
− 2piT
µ2
+ · · · , v2B =
2
√
3piT
µ
− 8pi
2T 2
µ2
+ · · · , (3.21)
and
C+ =
2piTD+
v2B
=
µ2
β2
+
2piµT√
3β2
,+ · · · , (3.22)
C− =
2piTD−
v2B
= 1 +
2piT√
3µ
+ · · · . (3.23)
Thus C+ is not universal while C− is.
Finally, let us compare our results with [20] where low temperature limit was considered
in a class of holographic models that flow to AdS2 × Rd fixed points in the infrared. Our
model belongs to that class and serves as a concrete example. Low temperature expansion
of our solution is as follows.
D+ =
√
3
√
2β2 + µ2
β2
− 2pi
(
2β2 + µ2
)
β2 (β2 + µ2)
T + · · · , (3.24)
D− =
√
3√
2β2 + µ2
− 2piµ
2
2β4 + 3β2µ2 + µ4
T + · · · , (3.25)
v2B =
2
√
3pi√
µ2 + 2β2
T + · · · , (3.26)
where
√
2β2 + µ2/
√
3 corresponds to c0h in [20]. The mixing term between the charge and
energy diffusion is expanded as
M =
µ2
β2
4pi2
√
2β2 + µ2√
3 (β2 + µ2)2
T 2 + · · · , (3.27)
which can be ignored at low temperature as argued in [20]. Thus we may identify D+ = Dc
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and D− = De and
C+ =
2piTDc
v2B
=
(
2 +
µ2
β2
)
+
µ2
β2
2pi
√
2β2 + µ2√
3 (β2 + µ2)
T + · · · , (3.28)
C− =
2piTDe
v2B
= 1 +
2pi
√
2β2 + µ2√
3 (β2 + µ2)
T + · · · . (3.29)
The thermal diffusion constant has a universal coefficient C− irrespective of β and µ, which
agree to [20]. The coefficient C+ = 2 + µ
2/β2 for charge diffusion constant is not universal
and a function of µ and β, but in the incoherent regime (µ/β  1) it becomes universal.
i.e. C+ = 2.
4 Axion-dilaton model
Next, let us consider a four dimensional Einstein-Maxwell-Axion-Dilaton theory. It is based
on the Einstein-Maxwell-Dilaton model so called the Gubser-Rocha model [30]. To include
momentum relaxation effect, a graviton mass term breaking translational invariance was
added to the action and the linear-T -resistivity was observed in this model [44]. Because
the universal bound of the diffusion constant may be related to the linear-T -resistivity it
will be interesting to investigate the diffusion constants in this model. Here, we modify
the original Gubser-Rocha model by adding the scalar fields ψI instead of a graviton mass
term to induce the momentum relaxation6. It makes possible a direct comparison with the
linear axion model in the previous section.
The action is
S =
∫
d4x
√−g
[
R− 1
4
eφF 2 − 3
2
(∂φ)2 +
6
L2
coshφ− 1
2
2∑
I=1
(∂ψI)
2
]
, (4.1)
which belongs to (2.7) and is reduced to (3.1) if φ = 0. An analytic classical solution is
ds2 =
r2g(r)
L2
(−h(r)dt2 + dx2 + dy2)+ L2
r2g(r)h(r)
dr2 ,
h(r) = 1− L
4β2
2(Q+ r)2
− (Q+ rh)
3
(Q+ r)3
(
1− L
4β2
2(Q+ rh)2
)
, g(r) =
(
1 +
Q
r
) 3
2
,
A =
√
3Q(Q+ rh)
L2
(
1− L
4β2
2(Q+ rh)2
)(
1− Q+ rh
Q+ r
)
dt ,
φ =
1
3
log(g(r)) , ψI = βδIix
i .
(4.2)
where rh > 0 and rh > −Q to have a regular solution. Note that Q can be negative. From
here we set L = 1.
6The conductivities of this model was also studied in [45], focusing on the slow momentum relaxation
in low frequency approximation.
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4.1 Thermodynamics and transport coefficients
By the same method as in the linear-axion model, the temperature, the entropy density,
chemical potential and charge density are
T =
[
r2hg(rh)h(rh)
]′
4pi
=
√
rh(6(Q+ rh)
2 − β2)
8pi(Q+ rh)3/2
, (4.3)
s =
r2hg(rh)
4G
= 4pi
√
rh(Q+ rh)
3/2 , (4.4)
µ =
√
3Q(Q+ rh)
(
1− β
2
2(Q+ rh)2
)
, (4.5)
ρ = (Q+ rh)
√
3Q(Q+ rh)
(
1− β
2
2(Q+ rh)2
)
. (4.6)
Thanks to a scaling symmetry of the solution, it is convenient to define the following
variables:
t˜ = t rh , x˜ = x rh , y˜ = y rh , r˜ =
r
rh
, β˜ =
β
rh
, Q˜ =
Q
rh
, (4.7)
Consequently, we may define the field theory variables as:
T˜ =
T
rh
, s˜ =
s
r2h
, µ˜ =
µ
rh
, ρ˜ =
ρ
r2h
. (4.8)
In other words, we may set rh = 1 in (4.2) and replace all variables with the ‘tilde’
variables. In (4.2) Q˜ and β˜ look natural independent variables but in our analysis, from
the perspective of the dual field theory, µ/T and β/T will be used as independent variables.
By the relations (4.3) and (4.5), Q˜ and β˜ are expressed in terms of µ/T and β/T .
To find a possible range of Q˜, we impose physical condition T ≥ 0, µ ≥ 0 and Q˜ > −1.
Without loss of generality, we can take β ≥ 0. All these inequalities imply
β
4piT = 0 ⇒ Q˜ ≥ 0
0 < β4piT ≤ 1√2 ⇒
−1 < Q˜ ≤ −1 + 2
(
β
4piT
)2
0 ≤ Q˜
1√
2
≤ β4piT ⇒
−1 < Q˜ ≤ 0−1 + 2( β4piT )2 ≤ Q˜
. (4.9)
Here we find that there may be two branches of the solutions: positive Q˜ and negative
Q˜. They correspond to the green region in Fig. 3. The boundary of the green region is
nothing but the condition for µ = 0. Indeed, by using (4.3) and (4.5) we can obtain two
solutions. For example, for µ/T = 0.1, and 5, they are shown in Fig. 3: the red curve for
positive Q˜ and the blue curve for negative Q˜. To determine which one corresponds to the
ground state solution, we compare the grand potential density of two solutions. The grand
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(a) µ/T = 0.1
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(b) µ/T = 5
Figure 3. The left panel: two values of Q˜ for given µ/T = 0.1(a) and µ/T = 5(b). The red
curve is for positive Q˜ and the blue curve is for negative Q˜. The right panel: the difference of
the grand potential (δG = G(Q˜ > 0) − G(Q˜ < 0) is shown. The positive Q˜ solution is always
thermodynamically preferred. The green region represent two branches in (4.9).
potential density (G) is the on-shell action divided by the spatial volume and temperature
[29]
G = − Ts− µρ
= −β
2Q
2
+
2ρ2
3Q
− Ts− µρ = −(Q+ rh)3 − rhβ
2
2
. (4.10)
As shown in the right panel of Fig. 3 the positive Q˜ solutions always correspond to the
ground state, where δG = G(Q˜ > 0) − G(Q˜ < 0). At zero density, there is no positive Q˜
for β/4piT < 1/
√
2. In this case Q˜ = 0 is the ground state.
To compute the diffusion constants D± we first need to compute thermodynamic sus-
ceptibilities (2.5) as a function of T and µ. Because the charge density ρ (4.6) and entropy
s (4.4) are functions of rh and Q it will be convenient to express them as a function of T
and µ. In principle, rh and Q can be expressed in terms of T and µ from (4.3) and (4.5)
but their analytic expressions are very complicated except for µ = 0. Therefore we will not
present their expressions here and show some plots in the following subsections.
From the general formula (2.9), the electrical, thermal, and thermoelectric conductiv-
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ities read
σ = eφ(rh) +
4piρ2
β2s
=
√
1 +
Q
rh
(
1 +
µ2
β2
)
,
κ =
4pisT
β2
, α =
4piρ
β2
.
(4.11)
and from (2.16) the butterfly velocity is
v2B =
4piT
Q+ 4rh
√
rh
Q+ rh
. (4.12)
4.2 Zero density
Let us first consider a neutral case, i.e. µ = ρ = 0. As shown in the previous subsection
and (4.5), there are two solutions: Q˜ = 0 and Q˜ = −1 + β˜√
2
.
For Q˜ = 0, the dilaton field φ vanishes and the solution (4.2) is reduced to (3.2) with
µ = 0. This solution has been considered in [19]. In this case, the transport coefficients
and susceptibilities are given as
σ = 1 , κ =
4pi2T
9β2
(
4piT +
√
6β2 + 16pi2T 2
)2
, (4.13)
χ =
1
6
(
4piT +
√
6β2 + 16pi2T 2
)
, cρ =
8pi2T
(
4piT +
√
6β2 + 16pi2T 2
)2
9
√
6β2 + 16pi2T 2
, (4.14)
with α = 0 and ζ = 0. Thus the charge and energy diffusion constants are7
Dc =
σ
χ
=
6
4piT +
√
6β2 + 16pi2T 2
,
De =
κ
cρ
=
√
6β2 + 16pi2T 2
2β2
.
(4.15)
The butterfly velocity is
v2B =
6piT
4piT +
√
6β2 + 16pi2T 2
, (4.16)
so
2piTDc
v2B
= 2 ,
2piTDe
v2B
= 1 +
2piT
3β2
(
4piT +
√
6β2 + 16pi2T 2
)
.
(4.17)
We show the plots for the diffusion constants and the butterfly velocity in Fig. 4(a).
For Q˜ = −1 + β˜√
2
, there is a nontrivial φ and rh = 2
5/2pi2T 2/β. The transport
7The energy diffusion constant was also computed in [46].
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(c) Ground state: there is a phase transition at β/(4piT ) = 1/
√
2.
Figure 4. Diffusion constants of the axion-dilaton model at zero density for Q˜ = 0 (a), for
Q˜ = −1 + β˜√
2
(b), and for the ground state (c). The blue curve is for Dc and the red curve is for
De. The green curve displays v
2
B .
coefficients and susceptibilities are8
σ =
β
2
√
2piT
, κ =
16
√
2pi3T 2
β
, (4.18)
χ = β/
√
2 , cρ = 4
√
2pi2Tβ , (4.19)
8The electric conductivity was also computed in [47]
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with α = 0 and ζ = 0. Thus the charge and energy diffusion constants are9
Dc =
σ
χ
=
1
2piT
,
De =
κ
cρ
=
4piT
β2
.
(4.20)
The butterfly velocity is
v2B =
16pi2T 2
24pi2T 2 + β2
→ 16pi
2T 2
β2
for β/T  1 , (4.21)
so
2piTDc
v2B
=
β2
16pi2T 2
+
3
2
→ β
2
16pi2T 2
for β/T  1 ,
2piTDe
v2B
=
1
2
+
12pi2T 2
β2
→ 1
2
for β/T  1 .
(4.22)
We show the plots for the diffusion constants and the butterfly velocity in Fig. 4(b).
By comparing the grand potential of two cases, Q˜ = 0 and Q˜ = −1 + β˜/√2, we find
that the Q˜ = 0 case is the ground state for β/(4piT ) < 1/
√
2 and the Q˜ = −1 + β˜/√2
case is the ground state for β/(4piT ) > 1/
√
2, similarly to Fig. 3(a). Taking this phase
transition into account we show the the final results in Fig. 4(c).
Let us summarize the asymptotic behavior in the incoherent regime β/T  1. For
Q˜ = 0, Dc, De ∼ T/β and v2B ∼ T/β, so both Dc/v2B and De/v2B saturate their bounds.
For Q˜ = −1+ β˜/√2, Dc ∼ 1/T and De ∼ T/β2 while v2B ∼ T 2/β2, so only De/v2B saturates
its bound. However, in the incoherent regime, Q˜ = −1 + β˜/√2 case is the stable state.
Note that, in the incoherent regime, the charge diffusion (2piTDc) saturates the bound but
2piTDc/v
2
B diverges, while 2piTDe/v
2
B saturates the bound.
4.3 Finite density
The horizon position rh can be expressed in terms of T and µ by eliminating Q in (4.3)
and (4.5). However, unlike the previous cases, if µ 6= 0 the expression of rh is long and
complicated. Furthermore, to compute thermodynamic susceptibilities we need to perform
differentiations where a few steps of implicit differentiations and chain rules are involved.
As a result, all the final results are analytic but they are not so illuminating. Therefore,
instead of presenting analytic expressions we show the plots in Fig. 5. At finite density
(µ 6= 0) there are two branches, positive Q and negative Q, as explained in (4.9) and Fig.
3. Because the positive Q branch is the stable solution we showed it in Fig. 5.
Even though the exact analytic formulas are complicated their large β limit, which we
are interested in for the universal bound, can be read off analytically. For large β in the
9A similar result was obtained in [48], where the graviton mass term was added instead of the linear
axion term.
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(a) Diffusion constants (2piTD±) and the butterfly velocity (v2B)
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B
Figure 5. Diffusion constants of the axion-dilaton model at finite density. µ/T = 0.1, 1, 5 from left
to right. The blue curve is for D+ and the red curve is for D−. The green curve displays v2B . 2piD+
and 2piTD−/v2B saturates the universal value in the incoherent regime: β/T  1 and β/µ 1.
positive Q branch, rh/β → 0 and Q/β → 1/
√
2 from (4.3) and (4.5), which yield
σ ∼ β
2
√
2piT
, κ ∼ 16
√
2pi3T 2
β
α ∼ 4piµ√
2β
,
χ ∼ β/
√
2 , cρ ∼ 4
√
2pi2Tβ , ζ ∼ 64
√
2pi4T 3µ
β3
.
(4.23)
Therefore, the charge and energy diffusion constants are
D+ ∼ 1
2piT
, D− ∼ 4piT
β2
. (4.24)
Together with the butterfly velocity at large β  µ
v2B ∼
16pi2T 2
β2
, (4.25)
we have
2piTD+
v2B
∼ β
2
16pi2T 2
,
2piTDe
v2B
∼ 1
2
+
12pi2T 2
β2
. (4.26)
Thus we find that the bounds for D± at zero density (4.22) still hold at finite density. The
correction by µ is at higher order and the results are robust in the incoherent regime.
Like the linear axion model, in the incoherent regime, the mixing term between the
charge and energy diffusion, M in (3.14), is negligible so D+ and D− may be identified
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Figure 6. Diffusion constants of the axion-dilaton model with/without a mixing term. µ/T =
0.1, 1, 5 from left to right. The blue curve is for Dc and the red curve is for De. The triangles
display the results without the mixing term M in (3.14). For comparison, we also display the
results with the mixing term, the solid curves in Fig. 5.
with Dc and De respectively. To see the effect of the mixing term, we show another plot
for Dc and De in Fig. 6. Like Fig. 2, the triangles are the results without the mixing
term, where we simply identify Dc ≡ σ/χ and Dc ≡ κ/cρ. Like the linear axion model,
below β/4piT . 1 the mixing term is important and this mixing effect decreases as µ/T
increases. Note that, for small µ/T = 0.1, this mixing effect is ‘maximal’ in the sense D−
is identified with Dc and D+ is identified with De.
In this model, the relation between the linear-T -resistivity and the universality of
diffusion (1.5) is not realized. Even though σ ∼ 1/T , C+ is not bounded because χv2B ∼
T 2/β2. It is possible that there is a more relevant velocity scale than the butterfly velocity
for the charge diffusion. If that velocity scale is independent of temperature, (1.5) can be
realized because χ is temperature-independent in this model.
5 Conclusion
In this paper, we have studied two diffusion constants and the butterfly velocity at finite
density in two holographic models: linear axion model and axion-dilaton model. In both
cases, the axion field is of the form ψI = βδIix
i and plays a role of momentum relaxation,
where large β means large momentum relaxation. At zero density, the axion-dilaton model
undergoes a phase transition to the linear axion model when momentum relaxation is weak.
At finite density, the axion-dilaton model has two branches of solutions so we have to choose
a ground state by comparing their grand potentials.
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D+(≈ Dc) D−(≈ De) vB C+
(
2piTD+
v2B
)
C−
(
2piTD−
v2B
)
Linear axion
√
6
β
√
3/2
β
4
√
6
√
pi
√
T
β 2 1
Axion-dilaton 12piT
4piT
β2
4piT
β
β2
16pi2T 2
1
2
Table 1. Summary of the results: diffusion constants for the linear axion model and axon-dilaton
model in the incoherent regime β/T  1 and β/µ 1.
There are two diffusion constants D± describing the coupled diffusion of charge and
energy. We have showed the exact relation between D± and (Dc, De) in Fig. 2 and Fig. 6.
In the incoherent regime, the mixing between charge and thermal diffusion is suppressed so
D+ and D− can be identified with Dc and De respectively. However, in the coherent regime
the effect of the mixing term becomes strong so Dc and De can not be decoupled and D±
should be considered. In particular, at very small µ/T , this mixing effect is ‘maximal’ in
the sense that D− is identified with Dc and D+ is identified with De, which is opposite
to the case in the incoherent regime. In Table 1 the diffusion constants and the butterfly
velocity of two models at finite density in the incoherent regime are summarized.
The thermal diffusion constant at finite density in the incoherent regime can be written
as
D− ≈ De ≈ C− v
2
B
2piT
, (5.1)
where C− = 1 for the linear axion model and C− = 1/2 for the axion-dilaton model. These
agree to the values at zero density and C− is universal independently of density. In [20],
it was shown that the holographic models with IR geometry of AdS2 × Rd, which can be
supported by finite density and/or axion field, give 1/2 < C− 6 1 at low temperature limit.
Because the IR geometry of the axion model is AdS2×Rd, C− = 1 can be anticipated from
[20], where the low temperature limit of the linear axion model was considered. Here, we
analysed the model at any temperature for both the coherent and the incoherent regime.
The IR geometry of the axion-dilaton model in this paper is conformal to AdS2×Rd so the
model does not belong to the class (the models with IR geometry of AdS2 × Rd) studied
in [20]. However, our result C− = 1/2 yields the lower bound of the range that the class
allows i.e. 1/2 < C− 6 1.
The charge diffusion constant is written as
D+ ≈ Dc ≈ C+ v
2
B
2piT
, (5.2)
where C+ = 2 for the linear axion model and C+ = β
2/16pi2T 2 for the axion-dilaton model.
These agree to the results at zero density. C+ of the axion model is universal at any finite
density but C+ in the axion-dilaton model increases as β/T increases. However, the charge
diffusion constant of the axion-dilaton model itself saturates to the universal lower bound:
D+ ≈ Dc ≈ 1
2piT
. (5.3)
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Thus, if there is more relevant velocity scale than the butterfly velocity and if it is
temperature-independent, the relation between the universality of charge diffusion and
linear-T -resistivity (1.5) may be realized in this model (χ is independent of temperature
in this model). Indeed, it may be possible that there is another velocity scale for charge
diffusion by the following observations.
To understand the universality of energy diffusion, it is important to note that two
susceptibilities, χ and ζ, cannot be written in terms of the horizon data while cµ can be
written only in terms of the horizon data as shown in (2.5). To compute χ and ζ, the full
bulk solution is needed. On the other hand, all conductivities and the butterfly velocity
are written in terms of the horizon data as shown in (2.9) and (2.16). Because the energy
diffusion constant in the incoherent regime is the ratio of κ to cρ ≈ cµ, it can be written
only in terms of horizon data, while the charge diffusion constant can not. Therefore, it
is plausible that the energy diffusion constant in the incoherent regime may be universal
thanks to a universal property of the black hole horizon. In the coherent regime, the
mixing term M (2.4) is important and (ζ, χ) should be taken into account to compute cρ
so the energy diffusion constant in the coherent regime will not be universal. By the same
reason the charge diffusion constant may not be universal and this non-universality was also
observed in [22, 24, 25] and it seems that chaos is only connected to energy diffusion [18, 22].
Therefore, it is an interesting future direction to search a velocity scale for charge diffusion.
For energy diffusion, the bound based on the butterfly velocity seems to be more robust
than charge diffusion. However, recently a counter example was found in [26] and it will
be also interesting to understand the extent to which the energy diffusion bound with the
butterfly velocity is robust [49].
Acknowledgments
We would like to thank Mike Blake, Blaise Gouteraux, and Wei-Jia Li for valuable discus-
sions. The work was supported by Basic Science Research Program through the National
Research Foundation of Korea(NRF) funded by the Ministry of Science, ICT & Future
Planning(NRF- 2014R1A1A1003220) and GIST Research Institute(GRI) grant funded by
the GIST in 2017.
References
[1] S. A. Hartnoll, A. Lucas and S. Sachdev, Holographic quantum matter, 1612.07324.
[2] C. Homes, S. Dordevic, M. Strongin, D. Bonn, R. Liang et al., Universal scaling relation in
high-temperature superconductors, Nature 430 (2004) 539, [cond-mat/0404216].
[3] J. Zaanen, Superconductivity: Why the temperature is high, Nature 430 (07, 2004) 512–513.
[4] J. Zaanen, Y.-W. Sun, Y. Liu and K. Schalm, Holographic Duality in Condensed Matter
Physics. Cambridge Univ. Press, 2015.
[5] M. Ammon and J. Erdmenger, Gauge/gravity duality. Cambridge Univ. Pr., Cambridge, UK,
2015.
– 21 –
[6] J. Erdmenger, B. Herwerth, S. Klug, R. Meyer and K. Schalm, S-Wave Superconductivity in
Anisotropic Holographic Insulators, JHEP 05 (2015) 094, [1501.07615].
[7] K.-Y. Kim, K. K. Kim and M. Park, A Simple Holographic Superconductor with Momentum
Relaxation, JHEP 04 (2015) 152, [1501.00446].
[8] K. K. Kim, M. Park and K.-Y. Kim, Ward identity and Homes’ law in a holographic
superconductor with momentum relaxation, JHEP 10 (2016) 041, [1604.06205].
[9] K.-Y. Kim and C. Niu, Homes’ law in Holographic Superconductor with Q-lattices, JHEP 10
(2016) 144, [1608.04653].
[10] S. Sachdev and B. Keimer, Quantum Criticality, Phys. Today 64N2 (2011) 29, [1102.4628].
[11] S. A. Hartnoll, Theory of universal incoherent metallic transport, 1405.3651.
[12] R. A. Davison and B. Goute´raux, Dissecting holographic conductivities, JHEP 09 (2015)
090, [1505.05092].
[13] J. A. N. Bruin, H. Sakai, R. S. Perry and A. P. Mackenzie, Similarity of scattering rates in
metals showing t-linear resistivity, Science 339 (2013) 804–807,
[http://science.sciencemag.org/content/339/6121/804.full.pdf].
[14] J.-C. Zhang, E. M. Levenson-Falk, B. J. Ramshaw, D. A. Bonn, R. Liang, W. N. Hardy
et al., Anomalous thermal diffusivity in underdoped yba, 1610.05845.
[15] M. Blake, Universal Charge Diffusion and the Butterfly Effect in Holographic Theories, Phys.
Rev. Lett. 117 (2016) 091601, [1603.08510].
[16] I. L. Aleiner, L. Faoro and L. B. Ioffe, Microscopic model of quantum butterfly effect:
out-of-time-order correlators and traveling combustion waves, 1609.01251.
[17] B. Swingle and D. Chowdhury, Slow scrambling in disordered quantum systems, 1608.03280.
[18] A. A. Patel and S. Sachdev, Quantum chaos on a critical fermi surface, 1611.00003.
[19] M. Blake, Universal Diffusion in Incoherent Black Holes, Phys. Rev. D94 (2016) 086014,
[1604.01754].
[20] M. Blake and A. Donos, Diffusion and Chaos from near AdS2 horizons, JHEP 02 (2017)
013, [1611.09380].
[21] Y. Gu, X.-L. Qi and D. Stanford, Local criticality, diffusion and chaos in generalized
Sachdev-Ye-Kitaev models, 1609.07832.
[22] R. A. Davison, W. Fu, A. Georges, Y. Gu, K. Jensen and S. Sachdev, Thermoelectric
transport in disordered metals without quasiparticles: the SYK models and holography,
1612.00849.
[23] S.-K. Jian and H. Yao, Solvable SYK models in higher dimensions: a new type of many-body
localization transition, 1703.02051.
[24] A. Lucas and J. Steinberg, Charge diffusion and the butterfly effect in striped holographic
matter, JHEP 10 (2016) 143, [1608.03286].
[25] M. Baggioli, B. Goute´raux, E. Kiritsis and W.-J. Li, Higher derivative corrections to
incoherent metallic transport in holography, 1612.05500.
[26] Y. Gu, A. Lucas and X.-L. Qi, Energy diffusion and the butterfly effect in inhomogeneous
Sachdev-Ye-Kitaev chains, 1702.08462.
– 22 –
[27] T. Andrade and B. Withers, A simple holographic model of momentum relaxation, JHEP
1405 (2014) 101, [1311.5157].
[28] B. Goute´raux, Charge transport in holography with momentum dissipation, JHEP 1404
(2014) 181, [1401.5436].
[29] M. M. Caldarelli, A. Christodoulou, I. Papadimitriou and K. Skenderis, Phases of planar
AdS black holes with axionic charge, 1612.07214.
[30] S. S. Gubser and F. D. Rocha, Peculiar properties of a charged dilatonic black hole in AdS5,
Phys.Rev. D81 (2010) 046001, [0911.2898].
[31] A. Donos and J. P. Gauntlett, Thermoelectric DC conductivities from black hole horizons,
1406.4742.
[32] K.-Y. Kim, K. K. Kim, Y. Seo and S.-J. Sin, Coherent/incoherent metal transition in a
holographic model, JHEP 12 (2014) 170, [1409.8346].
[33] K.-Y. Kim, K. K. Kim, Y. Seo and S.-J. Sin, Gauge Invariance and Holographic
Renormalization, Phys. Lett. B749 (2015) 108–114, [1502.02100].
[34] K.-Y. Kim, K. K. Kim, Y. Seo and S.-J. Sin, Thermoelectric Conductivities at Finite
Magnetic Field and the Nernst Effect, JHEP 07 (2015) 027, [1502.05386].
[35] M. Blake and D. Tong, Universal Resistivity from Holographic Massive Gravity, Phys.Rev.
D88 (2013) 106004, [1308.4970].
[36] M. Blake, D. Tong and D. Vegh, Holographic Lattices Give the Graviton a Mass,
Phys.Rev.Lett. 112 (2014) 071602, [1310.3832].
[37] Y. Sekino and L. Susskind, Fast Scramblers, JHEP 10 (2008) 065, [0808.2096].
[38] S. H. Shenker and D. Stanford, Black holes and the butterfly effect, JHEP 03 (2014) 067,
[1306.0622].
[39] D. A. Roberts, D. Stanford and L. Susskind, Localized shocks, JHEP 03 (2015) 051,
[1409.8180].
[40] J. Maldacena, S. H. Shenker and D. Stanford, A bound on chaos, JHEP 08 (2016) 106,
[1503.01409].
[41] D. A. Roberts and B. Swingle, Lieb-Robinson Bound and the Butterfly Effect in Quantum
Field Theories, Phys. Rev. Lett. 117 (2016) 091602, [1603.09298].
[42] Y. Ling, P. Liu and J.-P. Wu, Holographic Butterfly Effect at Quantum Critical Points,
1610.02669.
[43] M. Alishahiha, A. Davody, A. Naseh and S. F. Taghavi, On Butterfly effect in Higher
Derivative Gravities, JHEP 11 (2016) 032, [1610.02890].
[44] R. A. Davison, K. Schalm and J. Zaanen, Holographic duality and the resistivity of strange
metals, Phys. Rev. B89 (2014) 245116, [1311.2451].
[45] Z. Zhou, Y. Ling and J.-P. Wu, Holographic incoherent transport in Einstein-Maxwell-dilaton
Gravity, Phys. Rev. D94 (2016) 106015, [1512.01434].
[46] R. A. Davison and B. Goute´raux, Momentum dissipation and effective theories of coherent
and incoherent transport, 1411.1062.
[47] S.-F. Wu, B. Wang, X.-H. Ge and Y. Tian, Universal diffusion in quantum critical metals,
1702.08803.
– 23 –
[48] A. Amoretti, A. Braggio, N. Magnoli and D. Musso, Bounds on charge and heat diffusivities
in momentum dissipating holography, JHEP 07 (2015) 102, [1411.6631].
[49] K.-Y. Kim, W.-J. Li and C. Niu, work in progress, .
– 24 –
